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AREA AND HOLONOMY ON THE PRINCIPAL U(n)
BUNDLES OVER THE DUAL OF GRASSMANNIAN
MANIFOLDS
TAECHANG BYUN
Abstract. Consider the principal U(n) bundles over the dual of
Grassmann manifolds U(n) → U(n,m)/U(m)
pi
→ Dn,m. Given a 2-
dimensional subspace m′ ⊂ m ⊂ u(n,m), assume either m′ is in-
duced by X, Y ∈ Um,n(C) with X
∗Y = µIn for some µ ∈ R or by
X, iX ∈ Um,n(C). Then m
′ gives rise to a complete totally geodesic
surface S in the base space. Furthermore, let γ be a piecewise smooth,
simple closed curve on S parametrized by 0 ≤ t ≤ 1, and γ˜ its hori-
zontal lift on the bundle U(n) → pi−1(S)
pi
→ S, which is immersed in
U(n)→ U(n,m)/U(m)
pi
→ Dn,m. Then
γ˜(1) = γ˜(0) · (eiθIn) or γ˜(1) = γ˜(0),
depending on whether S is a complex submanifold or not, where A(γ) is
the area of the region on the surface S surrounded by γ and θ = 2· 1
n
A(γ).
1. Introduction
For two natural numbers n,m ∈ N, define an Hermitian form F : Cn+m →
C by
F (v,w) = v∗ Λnm w
= −
n∑
k=1
v¯kwk +
n+m∑
s=n+1
v¯sws,
where v and w are regarded as column vectors, and
Λnm =
( −In On×m
Om×n Im
)
.
Consider the Lie group
U(n,m) = {Φ ∈ GLn+m(C)|Φ∗ Λnm Φ = Λnm}.
Then,
U(n,m) = {Φ ∈ GLn+m(C)
∣∣F (Φv,Φw) = F (v,w), v, w ∈ Cn+m},
Key words and phrases. Holonomy displacement, complete totally geodesic submani-
fold, Hermition form, Grassmannian manifold.
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and Dn,m := U(n,m)/ (U(n)× U(m)) can be identified with the set of all
n-dimensional subspaces V of Cn+m such that F (v, v) ≤ 0 for every v ∈ V
by considering the first n columns of an element in U(n,m).
Let
Um,n(C) := {X ∈Mm,n(C) | X∗X = λIn for some λ ∈ C− {0}},
which may be regarded as generalizations of a unitary group. As it did for
the princiapl U(n) bundles
U(n)→ U(n+m)/U(m) → Gn,m
over a Grassmannain manifold Gn,m in [1], it will also play an important
role in studying the princiapl U(n) bundles
U(n)→ U(n,m)/U(m)→ Dn,m
over Dn,m such that U(n,m) has a left invariant metric, related to the
Killing-Cartan form, given by
〈A,B〉 = 12Re
(
Tr(A∗B)
)
, A,B ∈ u(n,m),
and that Dn,m = U(n,m)/ (U(n)× U(m)) has the induced metric which
makes the projection a Riemannian submersion.
Consider the Hopf fibration S1 → S3 → S2. Let γ be a simple closed
curve on S2. Pick a point in S3 over γ(0), and take the unique horizontal
lift γ˜ of γ. Since γ(1) = γ(0), γ˜(1) lies in the same fiber as γ˜(0) does. We
are interested in understanding the difference between γ˜(0) and γ˜(1). The
following equality was already known [4]:
V (γ) = e
1
2
A(γ)i,
where V (γ) is the holonomy displacement along γ, and A(γ) is the area of
the region surrounded by γ.
In this paper, we generalize this fact to the U(n) bundle overDn,m through
Um,n(C)
U(n)→ U(n,m)/U(m) pi→ Dn,m.
The main results are stated as follows: For Xˆ ∈ u(n,m) which is induced
by X ∈ Um,n(C), consider a 2-dimensional subspace m′ ⊂ m ⊂ u(n,m) with
Xˆ ∈ m′. Assume either
m′ = SpanR{Xˆ, Yˆ }
for some Y ∈ Um,n(C) with X∗Y = µIn for some µ ∈ R or
m′ = SpanR{Xˆ, îX}.
Then m′ gives rise to a complete totally geodesic surface S in the base
space. Furthermore, let γ be a piecewise smooth, simple closed curve on S
parametrized by 0 ≤ t ≤ 1, and γ˜ its horizontal lift on the bundle U(n) →
π−1(S)
pi→ S, which is immersed in U(n)→ U(n,m)/U(m) pi→ Dn,m. Then
γ˜(1) = γ˜(0) · (eiθIn) or γ˜(1) = γ˜(0),
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depending on whether S is a complex submanifold or not, where A(γ) is the
area of the region on the surface S surrounded by γ and θ = 2 · 1
n
A(γ). See
Theorem 3.12
2. Preliminaries
To begin with, we introduce the results of [2]: for the circle group
S1 ∼= S(U(1) × U(1)) =
{(
e−iz 0
O eiz
)
: 0 ≤ z ≤ 2π
}
,
consider the principal bundle
S1 −→ SU(1, 1) p−→ CH1
under the representation of SU(1, 1) into GL(4,R) such that
w =


w1 w2 w3 w4
−w2 w1 −w4 w3
w3 −w4 w1 −w2
w4 w3 w2 w1


with the condition −w21 − w22 + w23 + w24 = −1, which induces the following
identifications
CH1 =




x 0 y z
0 x −z y
y −z x 0
z y 0 x

 : −x2 + y2 + z2 = −1, x > 0


=
{
(x, y, z) ∈ R3 : −x2 + y2 + z2 = −1, x > 0}
=: H2,
where
p : SU(1, 1) −→ CH1
is defined by p(w) = ww˜ with
w˜ =


w1 −w2 w3 w4
w2 w1 −w4 w3
w3 −w4 w1 w2
w4 w3 −w2 w1

 .
Note that p has the following properties:
p(wv) = wp(v)w˜ for all w, v ∈ SU(2)
p(wv) = p(w) if and only if v ∈ S(U(1) × U(1)) ∼= S1,
which shows that it is the orbit map of the principal bundle. But we have
to be careful that the inclusion map CH1 →֒ SU(1, 1) is not a cross-section
in this bundle. In fact, p(v) = v2 ∈ CH1 for any v ∈ CH1.
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Theorem 2.1 ([2]). Let S1 −→ SU(1, 1) p−→ (CH1, 〈·, ·〉H2) be the natural
fibration. Let γ be a piecewise smooth, simple closed curve on CH1. Then
the holonomy displacement along γ is given by
V (γ) = e
1
2
A(γ)i
where A(γ) is the area of the region on CH1 enclosed by γ.
To apply the result of Theorem 2.1, we will study the isomorphic equiva-
lence of the principal bundle
S1 −→ SU(1, 1) p−→ CH1
to the one
S
(
U(1) × U(1))→ SU(1, 1) → SU(1, 1)/S(U(1) × U(1)),
but not the isometric equivalence. In fact, a conformal map h :
SU(1, 1)/S
(
U(1)×U(1)) → CH1 will be constructed such that the identity
map on SU(1, 1) is the bundle map covering it.
Define a map h : SU(1, 1)/S
(
U(1)× U(1))→ CH1 by
h(vH) = v2 = p(v) v ∈ CH1,
where H = S
(
U(1)×U(1)). Then, the identity map of SU(1, 1) is a trivially
isomorphic bundle map which covers the map h.
The Lie group SU(1, 1) will have a left-invariant Riemannian metric given
by the following orthonormal basis on the Lie algebra su(1, 1)
E1 =
[
0 1
1 0
]
, E2 =
[
0 −i
i 0
]
, E3 =
[ −i 0
0 i
]
,
which correspond to
e1 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , e2 =


0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0

 , e3 =


0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0


in gl(2k,R), respectively. Notice that [e1, e2] = −2e3.
In order to understand the map h between base spaces and the projection
map p better, refer to [2] and consider the subset of SU(1, 1):
T =
{[
cosh x (sinhx)e−iy
(sinhx)eiy coshx
]
: x ≥ 0, 0 ≤ y ≤ 2π
}
=




coshx 0 (sinhx)(cos y) (sinhx)(sin y)
0 cosh x −(sinhx)(sin y) (sinhx)(cos y)
(sinhx)(cos y) −(sinhx)(sin y) cosh x 0
(sinhx)(sin y) (sinhx)(cos y) 0 coshx




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which is the exponential image of
m =
{[
0 ξ¯t
ξ 0
]
: ξ ∈ C
}
.
Furthermore, it is exactly same as CH1, so the map p restricted to T is just
the squaring map; that is,
p(w) = w2, w ∈ T.
To check h is a conformal map: given
w =
(
coshx, (sinhx)(cos y), (sinhx)(sin y)
) ∈ T = CH1,
∣∣D1(wH)∣∣ = ∣∣(D1w)h∣∣
=
∣∣((cos y)Lw∗e1 + (sin y)Lw∗e2)h∣∣
= 1
and∣∣D2(wH)∣∣ = ∣∣(D2w)h∣∣
=
∣∣(− 12(sinh 2x)(sin y)Lw∗e1 + 12(sinh 2x)(cos y)Lw∗e2 + (sinh2 x)Lw∗e3)h∣∣
= 12
∣∣ sinh 2x∣∣,
while ∣∣D1 h(wH)∣∣ = ∣∣D1 w2∣∣
=
∣∣(2 sinh 2x, 2(cosh 2x)(cos y), 2(cosh 2x)(sin y))∣∣
= 2
and ∣∣D2 h(wH)∣∣ = ∣∣D2 w2∣∣
=
∣∣(0, −(sinh 2x)(sin y), (sinh 2x)(cos y))∣∣
=
∣∣ sinh 2x∣∣.
Thus h is a conformal map.
From Theorem 2.1, we get the following result:
Theorem 2.2. Consider
S(U(1) × U(1))→ SU(1, 1) → SU(1, 1)/S(U(1) × U(1)).
Let γ be a piecewise smooth, simple closed curve on SU(1, 1)/S(U(1)×U(1)).
Then the holonomy displacement along γ is given by
V (γ) = e2A(γ)Φ = e
1
2
A(h◦γ)i ∈ S(U(1) × U(1)) ∼= S1
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where A(γ) is the area of the region on SU(1, 1)/S(U(1) × U(1)) enclosed
by γ and
Φ =
[
i 0
0 −i
]
.
3. The bundle U(n) −→ U(n,m)/U(m) −→ Dn,m
To deal with the bundle
U(n) −→ U(n,m)/U(m) −→ Dn,m,
we investigate
U(n) −→ U(n,m) −→ Dn,m.
The Lie algebra u(n,m) of U(n,m) has the following canonical decompo-
sition:
u(n,m) = h+m,
where
h = u(n) + u(m) =
{(
A On×m
Om×n B
)
: A ∈ u(n), B ∈ u(m)
}
and
m =
{
Xˆ :=
(
On X
∗
X Om
)
: X ∈Mm,n(C)
}
.
Define an Hermitian inner product h : Cm → C by
h(v,w) = v∗ w,
where v and w are regarded as column vectors. Then the following lemma
is obvious:
Lemma 3.1. If a matrix X ∈ Mm,n(C) satisfies X∗X = λIn for some
λ ∈ C, then λ will be a nonnegtive real number and λ = 0 only if X is
trivial.
From the lemma 3.1, we obtain that
Um,n(C) = {X ∈Mm,n(C) | X∗X = λIn for some λ ∈ C− {0}}
= {X ∈Mm,n(C) | X∗X = λIn for some λ > 0}.
Lemma 3.2. Let
X =
(
ark + ib
r
k
)
, Y =
(
crk + id
r
k
)
∈Mm,n(C)
for r = 1, · · · ,m, and k = 1, · · · , n. Suppose that for their induced Xˆ, Yˆ ∈
m,
[[Xˆ, Yˆ ], Xˆ ] = Zˆ ∈ m
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for some Z =
(
αrk
)
∈ Mm,n(C) for r = 1, · · · ,m, and k = 1, · · · , n. Then
we have
αrk =
n∑
j=1
(arj + ib
r
j)
(
2h(Yj ,Xk)− h(Xj , Yk)
)− n∑
j=1
(crj + id
r
j)h(Xj ,Xk),
where Xk and Yk are k-column vectors of X and Y for k = 1, · · · , n, respec-
tively.
Proof. It is easily obtained from
[[Xˆ, Yˆ ], Xˆ ] = Xˆ(2Yˆ Xˆ − XˆYˆ )− Yˆ XˆXˆ.

Recall the following proposition, which gives the clue for the holonomy
displacement in the principal U(n) bundles over Dn,m,
U(n) −→ U(n,m)/U(m) pi−→ Dn,m.
Proposition 3.3. [3] Let (G,H, σ) be a symmetric space and g = h+m the
canonical decomposition. Then there is a natural one-to-one correspondence
between the set of linear subspaces m′ of m such that [[m′,m′],m′] ⊂ m′ and
the set of complete totally geodesic submanifolds M ′ through the origin 0 of
the affine symmetric space M = G/H, the correspondence being given by
m′ = T0(M ′).
Note that m′ in the Proposition 3.3 will make a bunch of complete totally
geodesic submanifolds, each of which is obtained from another one by a
translation, in the affine symmetric space G/H.
The role of Um,n(C) in this paper will be seen from now on.
Theorem 3.4. Given X ∈ Um,n(C) and the natural fibration
U(n)× U(m)→ U(n,m)→ Dn,m,
assume a 2-dimensional subspace m′ = SpanR{Xˆ, Yˆ } of m ⊂ u(n,m) satis-
fies
X∗X = λIn, X
∗ Y = µIn, µ ∈ C(3–1)
for Y ∈Mm,n(C). Then m′ gives rise to a complete totally geodesic surface S
in Dn,m if and only if either (Imµ 6= 0 and iX ∈ SpanR{X,Y }) or (Imµ = 0
and Y ∈ Um,n(C)) holds.
Proof. To begin with, note that λ > 0. Assume that m′ gives rise to a
complete totally geodesic surface S in Dn,m. By a translation, without loss
of generality, we can assume that S passes through the origin of the affine
symmetric space Dn,m = U(n,m)/ (U(n)× U(m)) .
8 TAECHANG BYUN
To show the necessary condition: let ek ∈ Cm, k = 1, · · · ,m, be an
elementary vector which has all components 0 except for the k-component
with 1. Then
h(Xk, Yj) = h(Xek, Y ej) = e
∗
k(X
∗Y )ej ,
so the condition (3–1) is equivalent to
h(Xk, Yk) = µ, h(Xk,Xk) = λ, h(Xk,Xj) = 0, h(Xk, Yj) = 0
for k 6= j in {1, · · · , n}. From h(Xk, Yk) = µ, we obtain
2h(Yk,Xk)− h(Xk, Yk) = Reµ− 3iImµ.
The hypothesis of totally geodesic and Proposition 3.3 say that
aXˆ + bYˆ = [[Xˆ, Yˆ ], Xˆ ]
for some a, b ∈ R. So, from Lemma 3.2,
aX + bY = (Reµ− 3iImµ)X − λY
= −3Imµ(iX) + (ReµX − λY ),
and then Imµ 6= 0 implies iX will lie in SpanR{X,Y } and that îX will lie
in SpanR{Xˆ, Yˆ } = m′ ⊂ u(n,m).
If Imµ = 0, then
X∗Y − Y ∗X = X∗Y − (X∗Y )∗ = 2iImµ In = On,
so
[Xˆ, Yˆ ] =
[
On 0
0 XY ∗ − Y X∗
]
∈ u(m) ⊂ u(n,m).(3–2)
Let M = XY ∗ − Y X∗. Then
[Xˆ, Yˆ ] =
[
On 0
0 M
]
and [[Yˆ , Xˆ ], Yˆ ] = −M̂Y ∈ m′ from the hypothesis of the condition of totally
geodesic and from Proposition 3.3. Note that
MY = XY ∗Y − Y X∗Y = XY ∗Y − Y µIn = XY ∗Y − (Reu)Y.
Thus XY ∗Y = aX + bY for some a, b ∈ R. Then
λY ∗Y = X∗(XY ∗Y ) = X∗(aX + bY ) = (aλ+ bReµ)In
and so
Y ∗Y = aλ+bReµ
λ
In,
aλ+bReµ
λ
∈ R.
Since m′ = SpanR{Xˆ, Yˆ } is 2-dimensional, Y is not a zero matrix and so
from Lemma 3.1, Y ∈ Um,n(C).
Conversely, assume the necessary part holds.
Assume Imµ = 0 and Y ∗Y = ηIn for some η > 0. Then,
[Xˆ, Yˆ ] =
[
On 0
0 M
]
, [[Xˆ, Yˆ ], Xˆ ] = M̂X and [[Yˆ , Xˆ ], Yˆ ] = −M̂Y ,
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where M = XY ∗ − Y X∗. Note it suffices to show that [[Xˆ, Yˆ ], Xˆ ] ∈ m′ and
[[Yˆ , Xˆ ], Yˆ ] ∈ m′. Since
MX = XY ∗X − Y X∗X = Xµ¯In − Y λIn = ReµX − λY,
we get [[Xˆ, Yˆ ], Xˆ ] ∈ m′. We also get [[Yˆ , Xˆ ], Yˆ ] ∈ m′ since
MY = XY ∗Y − Y X∗Y = XηIn − Y µIn = ηX − ReµY.
Assume Imµ 6= 0 and iX ∈ SpanR{X,Y }. Since
SpanR{X,Y } = SpanR{X, iX}
and
m′ = SpanR{Xˆ, Yˆ } = SpanR{Xˆ, îX},
it suffices to show that [[Xˆ, îX ], Xˆ ] ∈ m′ and [[îX, Xˆ ], îX ] ∈ m′. From
h(−iv, w) = iv∗w = h(v, iw)
and from Lemma 3.2, it is easily obtained that
[[Xˆ, îX ], Xˆ ] = −4λîX
and that
[[îX, Xˆ ], îX ] = −4λXˆ.

Corollary 3.5. Given X ∈ Um,n(C) and Y ∈ Mm,n(C) with X∗ Y = µIn
for some µ ∈ C, and given the natural fibration U(n)×U(m)→ U(n,m)→
Dn,m, assume m
′ = SpanR{Xˆ, Yˆ } produce a 2-dimensional subspace of m ⊂
u(n,m). If m′ gives rise to a complete totally geodesic surface S in Dn,m,
then Y ∈ Um,n(C) and µ determines whether S is a complex submanifold or
not.
Corollary 3.6. Given X,Y ∈ Um,n(C) and given the natural fibration
U(n) × U(m) → U(n,m) → Dn,m, assume m′ = SpanR{Xˆ, Yˆ } produce a
2-dimensional subspace of m ⊂ u(n,m). If X∗ Y = µIn for some µ ∈ R,
then m′ will give rise to a complete totally geodesic surface S in Dn,m
Remark 3.7. Note that Cn →֒ Cn × {0} ⊂ Cn+m is an n-dimensional
subspace such that F (v, v) ≤ 0 for every v ∈ Cn and that Cm →֒ {0} ×
C
m ⊂ Cn+m is an m-dimensional subspace such that F (w,w) ≥ 0 for every
w ∈ Cm. Given X ∈ Um,n(C), if n ≤ m, then X : (Cn, hCn) → (Cm, hCm)
is a conformal one-one linear map, where hCk is an Hermitian on C
k, k =
1, 2, · · · , given by
hCk(u1, u2) = u
∗
1u2 for u1, u2 ∈ Ck.
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In view of Xˆ ∈ u(n,m) ⊂ End(Cn+m), Xˆ sends the subspace Cn to the
subspace Cm and satisfies
F (Xˆv1, Xˆv2) = −λ F (v1, v2)
for v1, v2 ∈ Cn. And the condition of the relation between X and Y in
Theorem 3.4 says that
F (Xˆv1, Yˆ v2) = hCm(Xv1, Y v2) = µ hCn(v1, v2) = −µ F (v1, v2)
for v1, v2 ∈ Cn.
When n = 1, the condition (3–1) is satisfied automatically for any two
vectors in Cm by identifying Mm,1(C) with C
m. So we get
Corollary 3.8. A 2-dimensional subspace m′ of m ⊂ u(1,m) gives rise to a
complete totally geodesic submanifold in the affine symmetric space CHm =
U(1,m)/ (U(1)× U(m)) if and only if m′ has two linearly independent tan-
gent vectors wˆ1 and wˆ2 such that either w2 = iw1 or ImhCm(w1, w2) = 0
holds.
We return to the bundle U(n) → U(n,m)/U(m) pi−→ Dn,m. Any sub-
manifold A ⊂ Dn,m induces a bundle U(n) → π−1(A) → A, which is
immersed in the original bundle and diffeomorphic to the pullback bun-
dle with respect to the inclusion of A into Dn,m. In fact, in the bundle
U(n)×U(m)→ U(n,m) p˜i−→ Dn,m, the induced distribution in π˜−1(A) from
u(m) in U(n,m) is integrable and preserved by the right multiplication of
U(n), and produces the bundle U(n)→ π−1(A)→ A.
Theorem 3.9. Assume that a complete totally geodesic surface S in Dn,m is
induced by a 2-dimensional subspace m′ ⊂ m with the necessary condition in
Theorem 3.4 satisfied. In case of Imµ = 0, the bundle U(n)→ π−1(S)→ S,
which is immersed in the original bundle U(n)→ U(n,m)/U(m) pi−→ Dn,m,
is flat.
Proof. By a left translation, without loss of generality, assume that S passes
through the origin of the affine symmetric space Dn,m.
Consider the bundle U(n) × U(m) → U(n,m) p˜i−→ Dn,m. Then S in-
duces a bundle U(n) × U(m) → π˜−1(S) → S. Totally geodesic condition
says that the distribution induced from SpanR{Xˆ, Yˆ , [Xˆ, Yˆ ]} is integrable.
Since Imµ = 0 implies that [Xˆ, Yˆ ] is contained in the Lie algebra u(m) of
U(m) from the equation (3–2) in the proof of Theorem 3.4, the conclusion
is obtained. 
Theorem 3.10. Given X ∈ Um,n(C) and the natural fibration U(n) ×
U(m) → U(n,m) p˜i−→ Dn,m, consider the 2-dimensional subspace m′ =
SpanR{Xˆ, îX}. Then,
AREA AND HOLONOMY ON THE PRINCIPAL U(n) BUNDLES 11
(1) m′ gives rise to a complete totally geodesic surface S in Dn,m,
(2) m′ induces a U(1)-subbundle of a bundle
U(n)× U(m)→ π˜−1(S)→ S,
which is an immersion of the bundle
S
(
U(1)× U(1))→ SU(1, 1) → SU(1, 1)/S(U(1)× U(1))
into
U(n)× U(m)→ U(n,m) p˜i−→ Dn,m,
such that it is isomorphic to the Hopf bundle S1 → S2,1 → CH1,
(3) the immersion is conformal. In fact,∣∣f˜∗v∣∣ = √n |v|
under the expression f˜ : SU(1, 1) → U(n,m) for the immersion.
Proof. From Lemma 3.1, let X∗X = λIn for some λ > 0.
By a left translation, without loss of generality, assume that S passes
through the origin of the affine symmetric space Dn,m.
Note that, for K =
[ −iλIn 0
0 iXX∗
]
∈ u(n)× u(m),
[Xˆ, îX ] = −2K, [K, Xˆ ] = 2λîX, [K, îX ] = −2λXˆ,
which implies [[m′,m′],m′] ⊂ m′ and the conclusion (1).
Consider an orthonormal basis of su(1, 1):
E1 =
[
0 1
1 0
]
, E2 =
[
0 −i
i 0
]
, E3 =
[ −i 0
0 i
]
,
and a Lie algbra monomorphism f : su(1, 1) → u(n,m), given by
f(aE1 + bE2 + cE3) =
a√
λ
Xˆ +
b√
λ
îX +
c
λ
K
for a, b, c ∈ R, from
[E1, E2] = −2E3, [E3, E1] = 2E2, [E3, E2] = −2E1.
For any θ ∈ R,
eθE3 =
[
e−iθ 0
0 eiθ
]
∈ S(U(1)× U(1)).
Thus f will induce a Lie group monomorphism f˜ : SU(1, 1) → U(n,m) with
f˜
(
S
(
U(1)× U(1))) ⊂ U(n)×U(m) since SU(1, 1) is simply connected and
S
(
U(1) × U(1)) is connected. Furthermore, it is the bundle map from
S
(
U(1)× U(1))→ SU(1, 1) → SU(1, 1)/S(U(1)× U(1))
to
U(n)× U(m)→ U(n,m) p˜i→ Dn,m,
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so the connected component of the integral manifold of the distribution
induced by SpanR{K, Xˆ, îX}, which is the image of f˜ , shows (2).
Note that { 1√
λ
Xˆ, 1√
λ
îX, 1
λ
K} is an orthogonal basis of the image of f˜
such that √
n =
∣∣∣ 1√
λ
Xˆ
∣∣∣ = ∣∣∣ 1√
λ
îX
∣∣∣ = ∣∣∣ 1λK∣∣∣,
which shows (3). 
Remark 3.11. Let θˆ = θ
λ
. Then, for Φ = −E3,
f˜(eθΦ) = f˜(e−θE3) = e−θˆK =
[
eiθIn 0
0 Im +
e−iθ−1
λ
XX∗
]
from
(−iθˆXX∗)j =
(
−iθ
λ
)j
X(X∗X)j−1X∗ = (−iθ)
j
λ
XX∗
for j = 1, 2, · · · . Furthermore,(
Im +
e−iθ−1
λ
XX∗
)(
Im +
e−iφ−1
λ
XX∗
)
= Im +
e−iθ+e−iφ−2
λ
XX∗ + e
−i(θ+φ)−e−iθ−e−iφ+1
λ2
X(X∗X)X∗
= Im +
e−i(θ+φ)−1
λ
XX∗,
from which it is also obtained that
Im =
(
Im +
e−iθ−1
λ
XX∗
)(
Im +
e−iθ−1
λ
XX∗
)∗
.
We return to the bundle U(n) → U(n,m)/U(m) pi−→ Dn,m. In fact,
Remark 3.11 implies that the immersed U(1)-subbundle, which is the image
of f˜ , gives two U(1)-bundles, one of which is an immersed U(1)-subbundle
in the bundle U(n) → U(n,m)/U(m) pi−→ Dn,m and the other one is an
immersed U(1)-subbundle in the bundle U(m)→ U(n,m)/U(n) pˆi−→ Dn,m.
Theorem 3.12. Assume the same condition for a complete totally geo-
desic surface S of Theorem 3.4 and consider the immersed bundle U(n) →
π−1(S)
pi→ S in the bundle U(n) → U(n,m)/U(m) pi→ Dn,m. Let γ be a
piecewise smooth, simple closed curve on S. Then the holonomy displace-
ment along γ,
γ˜(1) = γ˜(0) · V (γ),
is given by the right action of
V (γ) = eiθIn or e
0iIn ∈ U(n),
depending on whether S is a complex submanifold or not, where A(γ) is the
area of the region on the surface S surrounded by γ and θ = 2 · 1
n
A(γ).
Especially, θ = 2 · A(γ) in case of n = 1.
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Proof. If S is not a complex manifold, then, from Theorem 3.9, the im-
mersed bundle is flat, and so it is obvious that the holonomy displacement
is trivial.
If S is a complex manifold, then assume the condition of Theorem 3.10
for the immersed U(1)-subbundle, which is the image of f˜ . Consider the
induced map fˆ : B → S ⊂ Dn,m between base spaces from the bundle
map f˜ : SU(1, 1) → Im(f˜) ⊂ U(n,m), which is a monomorphism, where
B = SU(1, 1)/S(U(1) × U(1)). Let θ = 2 · 1
n
A(γ). Without loss of general-
ity, assume that the origin of Dn,m lies on S and is the initial point of γ.
The Theorem 3.10, Theorem 2.2 and Remark 3.11 say that the holonomy
displacement of γ in the bundle U(n) × U(m) → π˜−1(S) p˜i→ S, which is
immersed in the bundle U(n) × U(m) → U(n,m) p˜i→ Dn,m, is given by the
right action of
V (γ) = f˜
(
V (fˆ−1 ◦ γ))
= f˜
(
e2·A(fˆ
−1◦γ)Φ)
= f˜
(
eθΦ
)
=
[
eiθIn 0
0 Im +
e−iθ−1
λ
XX∗
]
.
Thus in the bundle U(n) → π−1(S) pi→ S, which is immersed in the bundle
U(n)→ U(n,m)/U(m) pi→ Dn,m, the holonomy displacement is given by the
right action of
V (γ) = eiθIn.

Remark 3.13. For n = 1, we have the following Hopf bundle S1 → S2m,1 →
CHm under the identification
S1 = U(1), CHm = D1,m
and
S2m,1 = U(1,m)/U(m)
∼= H1,2m = {(z0, · · · , zm) ∈ Cm+1 : −|z0|2 +
m∑
k=1
|zk|2 = −1},
where CHm = U(1,m)/(U(1) × U(m)) is given by the quotient metric, so
the projection is a Riemannian submersion. Let S be a complete totally ge-
odesic surface in CHm and γ be a piecewise smooth, simple closed curve
on S. Identify Cm ∼= Mm,1(C). If S is induced by Span{v,w} ⊂ Cm with
ImhCm(v,w) = 0, then the holonomy displacement along γ is trivial. See
Corollary 3.8 and Theorem 3.9. If S is induced by a two dimensional sub-
space with complex structure in Cm, then the holonomy displacement depends
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only on the area of the region surrounded by γ. In case of m = 1, CHm with
the quotient metric is isometric to H2
(
1
2
)
, where
H
m(r) := {(x0, · · · , xm) ∈ Rm+1 : −x20 + x21 + · · ·+ x2m = −r2}
for m ∈ N and for r > 0. Refer to the map h defined in Section 2 and notice
that the immersion f˜ of the Theorem 3.10 is isometric if n = 1.
Remark 3.14. Let U(m) → U(n,m)/U(n) pˆi→ Dn,m be the natural fibra-
tion. Assume the same condition for a complete totally geodesic surface S
of Theorem 3.10, and consider the bundle U(m) → πˆ−1(S) pˆi→ S. Let γ be
a piecewise smooth, simple closed curve on S. Then the holonomy displace-
ment along γ is given by the right action of
V (γ) = Im +
e−iθ−1
λ
XX∗ ∈ U(m),
which depends on X, not only on n, where θ = 2 · 1
n
A(γ).
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